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1. Introduction 



We work over an algebraically closed field of characteristic zero. ACC 
stands for the ascending chain condition whilst DCC stands for the 
descending chain condition. 

Suppose that (X, A) is a log canonical pair and M > is R-Cartier. 
The log canonical threshold of M with respect to (X, A) is 

lctpf, A; M) = sup{ t e R | (X, A + tM) is log canonical }. 

Let X = T n (J) denote the set of log canonical pairs (X, A), where X 
is a variety of dimension n and the coefficients of A belong to a set 
/ C [0,1]. Set 

LCT n (/, J) = { lct(X, A; M) | (X, A) e % n (I) }, 

where the coefficients of M belong to a subset J of the positive real 
numbers. 

Theorem 1.1 (ACC for the log canonical threshold). Fix a positive 
integer n, I C [0, 1] and a subset J of the positive real numbers. 
If I and J satisfy the DCC then LCT n (J, J) satisfies the ACC. 

fll.il) was conjectured by Shokurov [2H], see also [IH] and [2T]. When 
the dimension is three, [IH] proves that 1 is not an accumulation point 
from below and (11.11) follows from the results of [3]. More recently (11.11) 
was proved for complete intersections [9] and even when X belongs to 
a bounded family, [TO] . 

The log canonical threshold is an interesting invariant of the pair 
(X, A) and the divisor M which is a measure of the complexity of the 
singularities of the triple (X, A; M). It has made many appearances in 
many different forms, especially in the case of hypersurfaces, see [2T] . 
[22] and [30J. The ACC for the log canonical threshold plays a role 
in inductive approaches to higher dimensional geometry. For example, 
after [6], we have the following application of (11.11) : 

Corollary 1.2. Assume termination of flips for Q- factorial kawamata 
log terminal pairs in dimension n — 1 . 

Let (X, A) be a kawamata log terminal pair where X is a Q-factorial 
projective variety of dimension n. If Kx + A is numerically equivalent 
to a divisor D > then any sequence of (Kx + A) -flips terminates. 

(11.11) is a consequence of the following theorem, which was conjec- 
tured by Alexeev [3] and Kollar [TU] : 

Theorem 1.3. Fix a positive integer n and a set I C [0, 1] which 
satisfies the DCC. Let T) be the set of log canonical pairs (X, A) such 
that the dimension of X is n and the coefficients of A belong to I. 
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Then there is a constant 5 > and a positive integer m with the 
following properties: 

(1) the set 

{vol(X,K x + A)\(X,A)e®}, 
also satisfies the DCC. 
Further, if (X, A) G 2) and Kx + A is big, then 

(2) vol(X, K x + A) > 5, and 

(3) (p m (K x +A) is birational. 

Note that, by convention, 4> m (K x +A) = <j>\rn(K x +A)\- ( 11 -3p was proved 
for surfaces in [3J. (jl.3p is a generalisation of [I3J 1.3], which deals with 
the case that (X, A) is the quotient of a smooth projective variety Y 
of general type by its automorphism group. 

One of the original motivations for (II. 3p is to prove the boundedness 
of the moduli functor for canonically polarised varieties, see j23j . We 
plan to pursue this application of (II. 3p in a forthcoming paper. 

To state more results it is convenient to give a simple reformulation 
of (HH): 

Theorem 1.4. Fix a positive integer n and a set I C [0,1], which 
satisfies the DCC. 

Then there is a finite subset I C / with the following properties: 

If (X, A) is a log pair such that 

(1) X is a variety of dimension n, 

(2) (X, A) is log canonical, 

(3) the coefficients of A belong to I, and 

(4) there is a non kawamata log terminal centre Z C X which is 
contained in every component of A, 

then the coefficients of A belong to Iq. 

(11.41) follows, cf. [2H], fM\ §18], almost immediately from the exis- 
tence of divisorial log terminal modifications and from: 

Theorem 1.5. Fix a positive integer n and a set I C [0,1], which 
satisfies the DCC. 

Then there is a finite subset Iq G I with the following properties: 

If (X, A) is a log pair such that 

(1) X is a projective variety of dimension n, 

(2) (X, A) is log canonical, 

(3) the coefficients of A belong to I, and 

(4) Kx + A is numerically trivial, 

then the coefficients of A belong to Iq. 
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We use finiteness of log canonical models to prove a boundedness 
result for log pairs: 

Theorem 1.6. Fix a positive integer n and two real numbers 5 and 
e > 0. 

Let D be a set of log pairs (X, A) such that 

• X is a projective variety of dimension n, 

• Kx + A is ample, 

• the coefficients of A are at least 5, and 

• the log discrepancy of (X, A) is greater than e. 

If D is log birationally bounded then D is a bounded family. 

Log birationally bounded is defined in (13.5. ip . We use (jl.5p and (11.61) 
to prove some boundedness results about Fano varieties. 

Corollary 1.7. Fix a positive integer n, a real number e > and a set 
I C [0, 1] which satisfies the DCC. 

Let D be the set of all log pairs (X, A), where 

• X is a projective variety of dimension n, 

• the coefficients of A belong to I , 

• the log discrepancy of (X, A) is greater than e, 

• Kx + A is numerically trivial, and 

• —Kx is ample. 

Then T> forms a bounded family. 

As a consequence we are able to prove a result on the boundedness 
of Fano varieties which was conjectured by Batyrev (cf. [Hj): 

Corollary 1.8. Fix two positive integers n and r. 

Let D be the set of all kawamata log terminal pairs (X, A), where 
X is a projective variety of dimension n and —r(Kx + A) is an ample 
Cartier divisor. 

Then T> forms a bounded family. 

Definition 1.9. Let (X, A) be a log canonical pair, where X is pro- 
jective of dimension n and — (Kx + A) is ample. The Fano index of 
(X, A) is the largest real number r such that we can write 

-(K x + A) ~ K rH, 

where H is a Cartier divisor. 

Fix a set I C [0, 1] and a positive integer n. Let 2) be the set of log 
canonical pairs (X, A), where X is projective of dimension n, —(Kx + 
A) is ample and the coefficients of A belong to I. 
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The set 

R = R n (I) = { r e R | r is the Fano index of (X, A) G D }, 
is called the Fano spectrum ofD. 

Corollary 1.10. Fix a set I C [0, 1] and a positive integer n. 
If I satisfies the DCC then the Fano spectrum satisfies the ACC 

fll.lOp was proved in dimension 2 in [T] and for R D [n — 2, oo) in [2J. 

Now given any set which satisfies the ACC it is natural to try to iden- 
tify the accumulation points. ( II. ip implies that LCT n (J) = LCT n (J, N) 
satisfies the ACC. Kollar, cf. [21], [28], [17] . conjectured that the accu- 
mulation points in dimension n are log canonical thresholds in dimen- 
sion n — 1: 

Theorem 1.11. If 1 is the only accumulation point of I C [0,1] and 
I — I + then the accumulation points o/LCT n (J) are LCT n _i(J) — { 1 }. 
In particular, if I C Q then the accumulation points of LCT n (J) are 
rational numbers. 

See §3.4 for the definition of I + . ( II. lip was proved if X is smooth 
in [T7J. Note that in terms of inductive arguments it is quite useful 
to identify the accumulation points, especially to know that they are 
rational. 

Finally, recall: 

Conjecture 1.12 (Borisov-Alexeev-Borisov) . Fix a positive integer n 
and a positive real number e > 0. 

Let D be the set of all projective varieties X of dimension n such 
that there is a divisor A where (X, A) has log discrepancy at least e 
and —{Kx + A) is ample. 

Then £> forms a bounded family. 

Note that (ITT]) . (Oj) . ffi~5]) . (Q|) and (01]) are known to follow 
from (I1.12p . (cf. [28]). Instead we use birational boundedness of log 
pairs of general type cf. ( II. 3p to prove these results. 

2. Description of the proof 

Theorem A (ACC for the log canonical threshold). Fix a positive 
integer n and a set I C [0, 1] , which satisfies the DCC. 

Then there is a finite subset I C / with the following property: 

If (X, A) is a log pair such that 

(1) X is a variety of dimension n, 

(2) (X, A) is log canonical, 

(3) the coefficients of A belong to I, and 
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(4) there is a non kawamata log terminal centre Z C X which is 
contained in every component of A, 

then the coefficients of A belong to I . 

Theorem B (Upper bounds for the volume). Let n G N and let I C 

[0, 1) be a set which satisfies the DCC. Let 2) be the set of kawamata log 
terminal pairs (X, A), where X is projective of dimension n, Kx + A 
is numerically trivial and the coefficients of A belong to I. 
Then the set 

{vol(X,A)|(X,A)GD}, 
is bounded from above. 

Theorem C (Birational boundedness) . Fix a positive integer n and a 
set I C [0, 1] , which satisfies the DCC. Let 53 be the set of log canonical 
pairs (X, A), where X is projective of dimension n, Kx + A is big and 
the coefficients of A belong to I. 

Then there is a positive integer m such that <t> m (K x +&) ^ s birational, 
for every (X, A) e 53. 

Theorem D ( ACC for numerically trivial pairs) . Fix a positive integer 
n and a set I C [0, 1], which satisfies the DCC. 

Then there is a finite subset Iq C I with the following property: 

If (X, A) is a log pair such that 

(1) X is projective of dimension n, 

(2) the coefficients of A belong to I, 

(3) (X, A) is log canonical, and 

(4) K x + A is numerically trivial, 

then the coefficients of A belong to Iq. 

The proof of Theorem Theorem [B], Theorem [Cj and Theorem [D] 
proceeds by induction: 

• Theorem lDl_i implies Theorem IAT . cf. 05. 3p . 

• Theorem [Dl„i and Theorem IAT _i imply Theorem IBT . cf. (16. 2p . 

• Theorem , Theorem lAT„i . and Theorem IBT imply Theo- 
rem Ek, cf. (J73D. 

• Theorem [Dl_i and Theorem ICl implies Theorem iDl . cf. 08. ip . 

2.1. Sketch of the proof. The basic idea of the proof of 01. ip goes 
back to Shokurov and we start by explaining this. 

Consider the following simple family of plane curve singularities, 

C = {y a + x b = 0) C C 2 , 

where a and b are two positive integers. A priori, to calculate the log 
discrepancy c, one should take a log resolution of the pair (X = C 2 , C), 
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write down the log discrepancy of every exceptional divisor with 
respect to the pair (X, tC) as a function of t and then find out the 
largest value c of t for which all of these log discrepancies are non- 
negative. However there is an easier way. We know that when t = c 
there is at least one divisor of log discrepancy zero (and every other 
divisor has non- negative log discrepancy). Let it: Y — > X extract 
just this divisor. To construct ir we simply contract all other divisors 
on the log resolution. 

Almost by definition we can write 

K Y + E + cD = n*(K x + cC), 

where E is the exceptional divisor and D is the strict transform of C. 
Restrict both sides of this equation to E. As the RHS is a pullback, 
we get a numerically trivial divisor. 

To compute the LHS we apply adjunction. E is a copy of P 1 . One 
slightly delicate issue is that Y is singular along E and the adjunction 
formula has to take account of this. In fact Y — > X is precisely 
the weighted blow up of X = C 2 , with weights (a, b), in the given 
coordinates x, y. There are two singular points p and q of Y along C, 
of index a and b, and D intersects C transversally at another point r. 
If we apply adjunction we get 

(K Y + E + cD)\ E = K E +(—)p+ ( b —l) q + C r. 



As {Ky + E + cD)\e is numerically trivial we have (Ky + E + cD)-E = 
so that 

a-1 b-1 

-2 + + ^_ + c = 0, 

a b 

and so 

1 1 

a b 

Now let us consider the general case. As with the example above the 
first step is to extract divisors of log discrepancy zero, ir: Y — > X. 
To construct tt we mimic the argument above; pick a log resolution for 
the pair (X, A + C) and contract every divisor whose log discrepancy 
is not zero. The fact that we can do this in all dimensions follows 
from the MMP (minimal model program), see (13.3.11) and tt is called a 
divisorially log terminal modification. 

The next step is the same, restrict to the general fibre of some divisor 
of log discrepancy zero, see (15.11) . There are similar formulae for the 
coefficients of the restricted divisor, see (14. ip . In this way, we reduce 
the problem from a local one in dimension n to a global problem in 
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dimension n — 1, see §SJ This explains how to go from Theorem lDl_ i 
to Theorem fAT . see the proof of (15. 3p . 

The global problem involves log canonical pairs (X, A), where X is 
projective and Kx + A is numerically trivial. One reason that the 
dimension one case is easy is that there is only one possibility for X, 
X must be isomorphic to P 1 . In higher dimensions it is not hard, 
running the MMP again, to reduce to the case where X has Picard 
number one, so that at least X is a Fano variety and A is ample. 
In this case we perturb A by increasing one of its coefficients to get a 
kawamata log terminal pair (X, A) such that Kx + A is ample. We then 
exploit the fact that some fixed multiple miKx + A) of Kx + A gives 
a birational map m (x x +A)- By definition this means that <f>\m(K x +A)\ 
is a birational map, which in particular means that Kx + A|_ m j is big. 
This forces A < Ai m j which implies that there are lots of gaps. This 
explains how to go from Theorem ICl to Theorem iDl . see the proof of 

(EU). 

It is clear then that the main thing to prove is that if (X, A) is a 
kawamata log terminal pair, Kx + A is big and the coefficients of A 
belong to a DCC set then some fixed multiple of Kx + A, gives a bi- 
rational map <f> m (K x +A)- Following some ideas of Tsuji, we developed 
a fairly general method to prove such a result in [13J, sec (13.5.21) and 
(13.5.51) . We use the technique of cutting non kawamata log terminal 
centres as developed in [5] , see [21] . The main issue is to find a bound- 
ary on the non kawamata log terminal centre so that we can run an 
induction. 

There are two key hypotheses to apply (I3.5.5p . One of them requires 
that the volume of Kx + A restricted to appropriate non kawamata log 
terminal centres is bounded from below. The other places a require- 
ment on the coefficients of A which is stronger than the DCC. 

The first condition follows by induction on the dimension and a 
strong version of Kawamata's subadjunction formula, (I4.2p . which we 
now explain. If (X, A) is a log pair and V is a non kawamata log ter- 
minal centre such that (X, A) is log canonical at the generic point of 
V, then one can write 

(K x + A)\ w = K w + e b + J, 

where W is the normalisation of V, Ob is the discriminant divisor and 
J is the moduli part. Not much is known about the moduli part J 
beyond the fact that it is pseudo-effective. On the other hand Ob > 
behaves very well. If (X, A) is log canonical at the generic point of a 
prime divisor BonW then the coefficient of B in Ob is at most one. In 
fact there is a simple way to compute the coefficient of B involving the 
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log canonical threshold. By assumption there is a log canonical place, 
that is, a valuation with centre V of log discrepancy zero. Then we can 
find a divisorially log terminal modification g : Y — > X such that the 
centre of this log canonical place is a divisor S on Y. Note that there 
is a commutative diagram 

S Y 

I 

W - X. 

If we pullback Kx + A to Y and restrict to S we get a divisor $' on 
S. Let 

A = sup{ t G M. | (S, $' + tf*B) is log canonical over a 

neighbourhood of the generic point of B }, 

be the log canonical threshold. Then the coefficient of B in Ob is 1 — A. 

In practice we start with a divisor A whose coefficients belong to / 
such that (X, A) is kawamata log terminal. We then find a divisor Ao, 
whose coefficients we have no control on, and V is a non kawamata log 
terminal centre of (X, A = A + A ). It follows that the coefficients of 
$' do not behave well and we have no control on the coefficients of 

To circumvent this we simply mimic the same construction for (X, A) 
rather than (X, A). First we construct a divisor $ on S whose coeffi- 
cients of $ belong to D(I), see fl4.ll) . Then we construct a divisor G 
whose coefficients automatically belong to the set 

{a|l-aGLCT„„ 1 ( J D(/))}U{l}. 

It is clear from the construction that 0f, > 0, so that if we bound the 
volume of Kw + ® from below we bound the volume of (Kx+ A+ A ) \w 
from below. 

On the other hand, as part of the induction we assume that The- 
orem holds. Hence LCT n _i (/}(/)) satisfies the ACC and the 
coefficients of G belong to a set which satisfies the DCC. The final 
step is to observe that if we choose V to pass through a general point 
then it belongs to a family which covers X. If we assume that V is 
a general member of such a family then we can pullback Kx + A to 
this family and restrict to V. It is straightforward to check that the 
difference between Kw + and (Kx + A)\w on a log resolution of the 
family is pseudo-effective (for example, if X and V are smooth then 
this follows from the fact that the first chern class of the normal bundle 
is pseudo-effective), so that if Kx + A is big then so is Kw + 6. In 
this case we know the volume is bounded from below by induction. 
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We now explain the condition on the coefficients. To apply (I3.5.5P 
we require that either / is a finite set or 

/ = { I r G N }. 

r 

The first lemma, (17.21) . simply assumes this condition on I and we 
deduce the result in this case. 

The key is then to reduce to the case when I is finite. Given any 
positive integer p and a log pair (X, A), let A^j denote the largest 
divisor less than A such that pA^j is integral. Given I it suffices to 
find a fixed positive integer p such that if we start with (X, A) such 
that K x + A is big and the coefficients belong to / then K x + A^j is 
big, since the coefficients of A^j belong to the finite set 

{ - I 1 < i < p}- 
p 

Let 

A = inf { t G R | K x + *A is big }, 

be the pseudo-effective threshold. A simple computation, (I7.4p . shows 
that it suffices to bound A away from one. Running the MMP we 
reduce to the case when X has Picard number one. Since Kx + AA is 
numerically trivial and kawamata log terminal, Theorem [B] implies that 
the volume of A is bounded away from one. Passing to a log resolution 
we may assume that (X, D) has simple normal crossings where D is the 
sum of the components of A. As Kx + D is big then so is Kx + ^—^-D for 
any positive integer r which is sufficiently large. It follows that some 
fixed multiple of Kx + ^—^D gives a birational map, and (I3.5.2P implies 
that (A, D) belongs to log birationally bounded family. In this case, it 
is easy to bound the pseudo-effective threshold A away from one, see 
(I7.3p . This explains how to go from Theorem iBl to Theorem ICl . cf. 

(USD- 

We now explain the last implication. Suppose that (A, A) is kawa- 
mata log terminal and Kx + A is numerically trivial. If the volume 
of A is large then we may find a divisor II numerically equivalent to a 
small multiple of A with large multiplicity at a general point, so that 
(A, II) is not kawamata log terminal. In particular we may find $ arbi- 
trarily close to A such that (A, $) is not kawamata log terminal. The 
key lemma is to show that this is impossible, (16. ip . By assumption we 
may extract a divisor S of log discrepancy zero with respect to (A, $). 
After we run the MMP we get down a log pair (Y, 5+r) where T is the 
strict transform of A and both Ky + S + T and — (Ky + S+ (1 — e)T) are 
ample. Here e > is arbitrarily to zero. If we restrict to S and apply 
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adjunction, it is easy to see that this contradicts either ACC for the log 
canonical threshold or ACC for numerically trivial pairs. This explains 
how to go from Theorem [Dl_i and Theorem lAl_i to Theorem iBl . cf. 

(Q. 

It is interesting to note that if (A, A) is log canonical then there is 
no bound on the volume of A: 

Example 2.1.1. Let X be the weighted projective surface ¥{p,q,r), 
where p, q and r are three positive integers and let A be the sum of the 
three coordinate lines. Then Kx + A ~q and 

vol(A,A)= (p + 9 + r)2 . 

pqr 

But the set 

pqr 

is dense in the positive real numbers, cf. [T6| 22.5]. 

We now explain the proof of ( 11. lip which mirrors the proof of (II. ip . 
We are given a sequence of log pairs (A, A) = (Aj, Aj) and we want 
to identify the limit points of the log canonical thresholds. The first 
step is to show that the set of log canonical thresholds is essentially 
the same as the set of pseudo-effective thresholds. In §5 we showed 
that every log canonical threshold in dimension n + 1 is a numerically 
trivial threshold in dimension n. To show the reverse inclusion, one 
takes the cone (Y, T) over a log canonical pair (A, A) where Kx + A 
is numerically trivial, ( lll.5p . 

In this way we are reduced to looking at log canonical pairs (A, A) 
such that Kx + A is numerically trivial. The basic idea is to generate 
a component of coefficient one and apply adjunction. To this end, we 
need to deal with the case where some coefficients of A don't necessarily 
belong to / but instead they are increasing towards one, (111.71) . 

Running the MMP we reduce to the case of Picard number one, Case 
A, Step 1 and Case B, Steps 3 and 5. We may also assume that the 
non kawamata log terminal locus is a divisor. In particular —Kx is 
ample, any two components of A intersect and we may assume that 
the number of components of A is constant, (111.61) . If (A, A) is not 
kawamata log terminal then there is a component of coefficient one and 
we are done, Case B, Step 2. 

The argument now splits into two cases. Case A deals with the case 
that the coefficients of A are bounded away from one. In this case if 
the volume of A is arbitrarily large then we can create a component of 
coefficient one and we reduce to the other case, Case B. Otherwise ( II. 6p 
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implies that (X, A) belongs to a bounded family, which contradicts the 
fact that the coefficients of A are not constant. 

So we may assume we are in Case B, namely that some of the coef- 
ficients of the components of A are approaching one. We decompose 
A as A + B + C where the coefficients of A are approaching one, the 
coefficients of B are fixed, and we are trying to identify the limit of the 
coefficients of C. Using the fact that the Picard number of X is one, we 
may increase the coefficients of A to one and decrease the coefficients 
of C, without changing the limit of the coefficients of C. At this point 
we apply adjunction and induction, Case B, Step 6. 



3. Preliminaries 

3.1. Notation and Conventions. If D = ^diDi is an M-divisor on 
a normal variety X, then the round down of D is [D\ = ^[^J-^' 
where |_g^| denotes the largest integer which is at most d, the fractional 
part of D is {D} = D — \JD\ , and the round up of D is \D~\ = — [—D\ . 
If m is a positive integer, then let 

[ m D\ 

U\ m \ = . 

m 

Note that D\ m \ is the largest divisor less than or equal to D such that 
m/^Lmj is integral. 

The sheaf Ox{D) is defined by 

O x (D)(U) = { f e K(X) | (f)\ v + D\ V >0 }, 

so that O x (D) = O x ([D\). Similarly we define \D\ = \ [D\\. If X is 
normal, and D is an IR-divisor on X, the rational map 4>d associated 
to D is the rational map determined by the restriction of |_-DJ to the 
smooth locus of X. 

We say that D is M.-C 'artier if it is a real linear combination of 
Cartier divisors. An IR-Cartier divisor Dona normal variety X is nef 
if D ■ C > for any curve C <Z X. We say that two M-divisors D\ and 
D 2 are M.-linearly equivalent, denoted Di ~r D 2 , if the difference is an 
IR-linear combination of principal divisors. 

A log pair (X, A) consists of a normal variety X and a R-Weil divisor 
A > such that Kx + A is R-Cartier. The support of A = ^ igJ diDi 
(where di ^ 0) is the sum D = ^2 ieI D^. If (X, A) has simple normal 
crossings, a stratum of (X, A) is an irreducible component of the in- 
tersection (Ij^jDj, where J is a non-empty subset of / (in particular, 
a stratum of (X, A) is always a proper closed subset of X). If we are 
given a morphism X — > T, then we say that (X, A) has simple nor- 
mal crossings over T if (X, A) has simple normal crossings and both 
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X and every stratum of (X, D) is smooth over T. We say that the 
birational morphism /: Y — > X only blows up strata of (X, A), if / is 
the composition of birational morphisms fi\ X i+ i — > X iy 1 < i < k, 
with X = X , Y = Xfc+i, and f is the blow up of a stratum of (X iy Aj), 
where Aj is the sum of the strict transform of A and the exceptional 
locus. 

A log resolution of the pair (X, A) is a projective birational morphism 
/i : Y — > X such that the exceptional locus is the support of a //-ample 
divisor and (Y, G) has simple normal crossings, where G is the support 
of the strict transform of A and the exceptional divisors. If we write 



k y + r + = V*{K X + A) 



where V is the strict transform of A, then bi is called the coefficient of Ei 
with respect to (X, A). The log discrepancy of Ei is a(Ei, X, A) = 1 — 5j. 
The pair (X, A) is kawamata log terminal (respectively log canonical] 
purely log terminal; divisorially log terminal) if bi < 1 for all i and 
[AJ = (respectively bi < 1 for all i and for all log resolutions; bi < 1 
for all i and for all log resolutions; the coefficients of A belong to [0, 1] 
and there exists a log resolution such that bi < 1 for all i). A non 
kawamata log terminal centre is the centre of any valuation associated 
to a divisor Ei with bi > 1. In this paper, we only consider valuations 
v of X whose centre on some birational model Y of X is a divisor. 

We now introduce some results some of which are well known to 
experts but which are included for the convenience of the reader. 

3.2. The volume. 

Definition 3.2.1. Let X be an irreducible projective variety of dimen- 
sion n and let D be an M.-divisor. The volume of D is 

UY m v n\h Q (X,O x (mD)) 
vol(A, D) = hmsup . 

m— ¥oo TTl 

We say that D is big ifvo\(X,D) > 0. 
For more background, see 



3.3. Divisorially log terminal modifications. If (X, A) is not kawa- 
mata log terminal then we may find a modification which is divisorially 
log terminal, so that the non kawamata log terminal locus is a divisor: 

Proposition 3.3.1. Let (X, A) be a log pair where X is a variety and 
the coefficients of A belong to [0, 1]. 

Then there is a projective birational morphism ir : Y — > X such that 

(1) Y is ^-factorial, 
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(2) Ti only extracts divisors of log discrepancy at most zero, 

(3) if E = is the sum of the it -exceptional divisors and F 
is the strict transform of A, then (Y, F + E) is divisorially log 
terminal and 

Ky + E + T = f*(K x + A)+ Yl a{E,X,B)E. 

a{E,X,B)<0 

(4) If in addition (X, A) is log canonical and the coefficients of A 
are less than one, then we may choose tt so that there is a divisor 
with support equal to E which is nef over X . In particular the 
inverse image of the non kawamata log terminal locus of (X, A) 
is equal to the support of E. 

Proof. The proof of (1-3) is due to the first author and can be found 
in [TJ], [251 3.1], and also 0]. 

Now suppose that (X, A) is log canonical and the coefficients of A 
are less than one. In this case 

K Y + E + T = f*(K x + A). 

Note that (Y, F) is kawamata log terminal and T is big over X. By 
[7] we may replace Y by a log terminal model of (Y, T) over X, at the 
expense of temporarily losing the property that (Y, F+E) is divisorially 
log terminal. Hence —E is nef over X. If g: W — > Y is a divisorially 
log terminal modification of (Y, F+E), then g is an isomorphism outside 
of the support of E, as (Y, F) is kawamata log terminal and Y is Q- 
factorial. Therefore if we replace Y by W then g*(—E) is a nef divisor 
whose support is equal to the sum of the exceptional divisors over X. 

Note that if x G X is a point of X then either E contains the whole 
fibre over x or x £ n(E)- But the non kawamata log terminal locus 
of X is equal to the image of the non kawamata log terminal locus of 
(Y, T + E), that is, the image of E and so the inverse image of the 
non kawamata log terminal locus of (X, A) is equal to the support of 
E. □ 

3.4. DCC sets. We say that a set I of real numbers satisfies the de- 
scending chain condition or DCC, if it does not contain any infinite 
strictly decreasing sequence. For example, 

/ = { T -^\r e N}, 

r 

satisfies the DCC. Let I C [0, 1]. We define 

i 

1+ := {0} U { j E [0, 1] I j = y^jp, for some ii,z 2 ,...,^ G /}, 

P =i 
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and 

Tfl — 1 ~\~ f 

D(I) :={a<l\a = -, m G N, / G /+ }. 

m 

As usual, I denotes the closure of I. 

Proposition 3.4.1. Let I C [0, 1]. 

(1) D(D(I)) = D(I)U{1}. 

(2) I satisfies the DCC if and only if I satisfies the DCC. 

(3) I satisfies the DCC if and only if D(I) satisfies the DCC. 

Proof. Straightforward, see for example [28j 4.4]. □ 

3.5. Bounded pairs. We recall some results and definitions from [T3] . 
stated in a convenient form. 

Definition 3.5.1. We say that a set X of varieties is birationally 

bounded if there is a projective morphism Z — > T, where T is of 
finite type, such that for every X G 3c, there is a closed point t G T 
and a birational map f : Z t X . 

We say that a set D of log pairs is log birationally bounded (re- 
spectively bounded) if there is a log pair (Z, B), where the coefficients 
of B are all one, and a projective morphism Z — > T, where T is of 
finite type, such that for every (X, A) G 1), there is a closed point t G T 
and a birational map f: Z t ---» X (respectively isomorphism of pairs) 
such that the support of B t contains the support of the strict transform 
of A and any f -exceptional divisor. 

Theorem 3.5.2. Fix a positive integer n and a set I C [0, l]nQ, which 
satisfies the DCC. Let Q3 be a set of log canonical pairs (X, A), where 
X is projective of dimension n, K x + A is big and the coefficients of 
A belong to I. 

Suppose that there is a constant M such that for every (X, A) G 23o 
there is a positive integer k such that 4>k(K x +&) i> s birational and 

vo\(X,k(K x + A)) < M. 

Then the set 

{vol(X,K x + A)\(X,A) G<B }, 

satisfies the DCC. 

Proof. Follows from (2.3.4), (3.1) and (1.9) of [BJ. □ 



Recall: 
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Definition 3.5.3. Let X be a normal projective variety and let D be 
a big Q-Cartier Q-divisor on X . 

If x and y are two general points of X then, possibly switching x 
and y, we may find < A ~q (1 — e)D, for some < e < 1, where 
(X, A) is not kawamata log terminal at y, (X, A) is log canonical at x 
and {x} is a non kawamata log terminal centre, then we say that D is 
potentially birational. 

Note that this is a slight variation on the definition which appears 
in [13], where general is replaced by very general. 

Theorem 3.5.4. Let (X, A) be a kawamata log terminal pair, where X 
is projective of dimension n and let H be an ample Q-divisor. Suppose 
there is a constant 7 > 1 and a family of subvarieties V — > B with 
the following property. 

If x and y are two general points of X then, possibly switching x and 
y, we can find b G B and < A5 ~q (1 — 5)H , for some 5 > 0, such 
that (X, A+ A;,) is not kawamata log terminal at y and there is a unique 
non kawamata log terminal place of (X, A + A;,) containing x whose 
centre is Vb- Further there is a divisor D on W , the normalisation of 
Vb, such that 4>d is birational and ^yH\w — D is pseudo-effective. 

Then mH is potentially birational, where m = 2p 2r y + 1 and p = 
dim V. 

Proof. Let x and y be two general points of X. Possibly switching 
x and y, we will prove by descending induction on k that there is a 
Q-divisor Ao > such that: 

(b)fc A ~q XH, for some A < 2(p — A;)p7 + 1, where (X, A + A ) is 
log canonical at x, not kawamata log terminal at y and there is a non 
kawamata log terminal centre Z C Vb of dimension at most k containing 
x. 

Suppose k = p. (X, A + A 6 ) is not kawamata log terminal but log 
canonical at x since there is a unique non kawamata log terminal place 
whose centre contains x. Thus A = A5 ~q XH, where A = 1 — 6 < 1, 
satisfies (b)^ and so this is the start of the induction. 

Now suppose that we may find a Q-divisor A satisfying (b)^. We 
may assume that Z is the minimal non kawamata log terminal centre 
containing x and that Z has dimension k. Let Y C W be the inverse 
image of Z. As </>£> is birational, 

vol(Y",7#| y ) > vol^Dly) > 1, 

see, for example, [131 2.3.2]. Note that 

vol(Z,7#U)=vol(Y, 7 #| y ), 
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as H is nef, see for example [2CT| VI. 2. 15]. Thus 

vol(Z,2p 7 #|y) > vo\(Z,2k-fH\ v ) > 2k k , 

so that by [T3], 2.3.5], we may find A x ~q fiH, where \i < 2p-f and 
constants < a« < 1 such that (X, A + a A + aiAi) is log canonical 
at x, not kawamata log terminal at y and there is a non kawamata log 
terminal centre Z' containing x, whose dimension is less than k. As 

a A + aiAi ~q (a A + ain)H, 

and 

A' = a \ + ax/i < 2(p - A;)p7 + 1 + 2p 7 = 2(p - (k - l))pry + 1, 

a A + aiAi satisfies (\>)k-i- This completes the induction and the 
proof. □ 

Theorem 3.5.5. Fix a positive integer n. Let Q3o be a set of kawamata 
log terminal pairs (X, A), where X is projective of dimension n and 
Kx + A is ample. 

Suppose that there are positive integers p, k and I such that for every 
(X, A) G 23 we have: 

(1) There is a dominant family of subvarieties V — > B such that 
ifbeB then we may find < A b ~q (1 — 6)H , for some 5 > 0, 
such that there is a unique non kawamata log terminal place of 
(X, A + Ab) whose centre is where H = k(Kx + A). Further 
there is a divisor DonW the normalisation of V& such that 4>d 
is birational and lH\w — D is pseudo-effective. 

(2) Either p A is integral or the coefficients of A belong to 

r — 1 
{ r 6N1. 

r 

Then there is a positive integer m such that 4> m k(K x +A) is birational, 
for every (X, A) G 25o- 

Proof. Let m = 2(n — l) 2 / + 1. f)3.5.4p implies that m H is potentially 
birational. But then [131 2.3.4.1] implies that 4>K x +\ mo jH] is birational 
for all positive integers j. 
If pA is integral then 

K x + \m kp(K x + A)l = [(m kp + 1){K X + A) J , 

and if the coefficients of A belong to 

{ r -^\r GN}, 
r 

then 

K x + \m kp(K x + A)] = l(m kp + 1){K X + A) J . 
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Let m = (m + l)p. 



□ 



4. Adjunction 

We will need the following basic result about adjunction (see for 
example §16 in pi]). 

Lemma 4.1. Let (X, A = S + B) be a log canonical pair, where S has 
coefficient one in A. If S is normal then there is a divisor Q = Diffs(.B) 
on S such that 

(K x + A)\s = K s + Q. 

(1) If {X, A) is purely log terminal then (S, 0) is kawamata log 
terminal. 

(2) If(X,A) is divisorially log terminal then (S,Q) is divisorially 
log terminal. 

(3) If B = ^biBi then the coefficients of belong to the set 
D{{bt,b 2 ,...,b m }). 

In particular, if (X, A) is divisorially log terminal and the coefficients 
of B belong to the set I then the coefficients of belong to the set 
D{I). 

Theorem 4.2. Let I be a subset of [0, 1] which contains 1. Let X be 
a projective variety of dimension n and let V be an irreducible closed 
subvariety, with normalisation W . Suppose we are given a log pair 
(X, A) and an M>-Cartier divisor A' > 0, with the following properties: 

(1) the coefficients of A belong to I, 

(2) (X, A) is kawamata log terminal, and 

(3) there is a unique non kawamata log terminal place v for (X, A + 
A'), with centre V. 

Then there is a divisor on W whose coefficients belong to 
{a|l-aeLCT n _ 1 ( J D(/))}U{l}, 
such that the difference 

(K X + A + A')\ W -(K W + Q), 

is pseudo-effective. 

Now suppose that V is the general member of a covering family of 
subvarieties of X . Let ip: U — > W be a log resolution of W and let 
\& be the sum of the strict transform of 6 and the exceptional divisors. 
Then 

Ku + ^>(K X + A)\u. 
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Proof. Since there is a unique non kawamata log terminal place with 
centre V, it follows that (X, A + A') is log canonical but not kawamata 
log terminal at the generic point of V, see (2.31) of [26]. Let g: Y — > 
X be a divisorially log terminal modification of (X, A + A'), (I3.3.ip . so 
that the centre of v is a divisor Sony and this is the only exceptional 
divisor with centre V. As S is normal, there is a commutative diagram 

S - Y 

I 

W - X. 

We may write 

K Y +S+T = g*(K x +A)+E and K Y +S+T+T' = g*(K x +A+A') 

where T is the sum of the strict transform of A and the exceptional 
divisors, apart from S. In particular the coefficients of T belong to 
/. As (X, A) is kawamata log terminal, E > 0. As g is a divisorially 
log terminal modification of (X, A + A'), T' > and (Y, S + T) is 
divisorially log terminal. We may write 

(K Y + S + r)\ s = Ks + $ and (K Y + S + T + r')\ s = K s + 

Note that the coefficients of $ belong to D(I). Let B be a prime divisor 
on W. Let 

fi = sup{ t G M | (S, $ + tf*B) is log canonical over a 

neighbourhood of the generic point of B }, 

be the log canonical threshold over a neighbourhood of the generic 
point of B. We define by 

mult B (0) — 1 — ii. 

It is clear that the coefficients of G belong to 

{a|l-aGLCT n _ 1 ( J D(/))}U{l}. 

Let 

A = sup{ t G R | (S, <&' + tf*B) is log canonical over a 

neighbourhood of the generic point of B }, 

be the log canonical threshold over a neighbourhood of the generic 
point of B. We define a divisor 6;, on If by 

mult J B(©fe) = 1 — A. 
As T' > we have $ < so that A < \i. But then 

e < e 6 . 
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Note that G& is precisely the divisor defined in Kawamata's subadj unc- 
tion formula, see Theorem 1 and 2 of [T3] and also (8.5.1) and (8.6.1) 
of [22]. It follows that the difference 

(K x + A + A')\ w -(K w + e b ) 7 

is pseudo-effective, so that the difference 

(K X + A + A')\ W -(K W + Q), 

is certainly pseudo-effective. 

Now suppose that V is the general member of a covering family of 
subvarieties of X. We first relate the definition of 0, which uses the 
log canonical threshold on S, to a log canonical threshold on X. Let 
B be a prime divisor on W . Pick any Q-divisor H > on X which is 
Q-Cartier in a neighbourhood of the generic point of B such that 

mv\t B {H\ w ) = 1. 

We have 

K Y + S + T + tg*H = g*(K x + A + tH) + E, 

and so 

(K Y + S + T + tg*H)\ s = K s + $ + tf*B, 

over a neighbourhood of the generic point of B. Now if (X, A + tH) 
is not log canonical in a neighbourhood of the generic point of B then 
Ky + S + T + tg*H is not log canonical over a neighbourhood of the 
generic point of B. Inversion of adjunction on Y, cf [H], implies that 
Ky + S + T + £<7*i? is log canonical over a neighbourhood of the generic 
point of B if and only if K$ + $ + tf*B is log canonical over a neigh- 
bourhood of the generic point of B. It follows that if 

fi = sup{ t G M | (S, $ + tf*B) is log canonical over a 

neighbourhood of the generic point of B }, 

the log canonical threshold of f*B over a neighbourhood of the generic 
point of B, and 

£ = sup{ £ G K | (X, A + tH) is log canonical at the generic point of B }, 

the log canonical threshold of H at the generic point of B, then \i < £. 

Pick a component % of the Hilbert scheme whose universal family 
dominates X, to which V belongs. By assumption V is the general 
member of a family Rq C "H which covers X. Cutting by hyperplanes 
in i? , we may find R <Z Rq such that if 7r : Z — )• i? is the restriction of 
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the normalisation of the universal family, then the natural morphism 
h: Z — y X is generically finite. We may write 

K z + E = h*(K x + A). 

Possibly blowing up, we may assume that (Z, S) has simple normal 
crossings over a dense open subset R\ of R. Let U be the fibre of tt 
corresponding to W. As V is a general member of R, we may assume 
that r = 7r(U) G R\ and so (U, S|[/) has simple normal crossings. As 
the coefficients of E\u are at most one it follows that (U,E\jj) is sub 
log canonical. Therefore it is enough to check that 

K v + m> (K x + A)\u = K v + Sic;, 

on the given model and in fact we just have to check that \& > S|f/. 

Let C be a prime divisor on U. If multc £| a < there is nothing 
to prove as \& > 0. If C is an exceptional divisor of U — > V then 
multc* ^ = 1 and there is again nothing to prove as multc H|y < 1- 

Otherwise pick a prime component G of H such that multc (G\u) = 1- 
If h(G) is a divisor then let H = h(G)/e where e is the ramification 
index at G. Note that H is Q-Cartier in a neighbourhood of the generic 
point of B = ip(C). Otherwise, pick a Q-Cartier divisor H > 0, which 
does not contain V, such that multG(/i*-ff) = 1. Either way, as r E R 
is general it follows that mvltc{h* H\u) = 1. But then 

mult b(H\w) = mult c(h*H\u) = 1. 

We may write 

#3 + S + = /i*(fT x + A + £H). 

As (X, A + £H) is log canonical in a neighbourhood of the generic point 
of B, K~z + H + ^h*H is sub log canonical in a neighbourhood of the 
generic point of C Note that in a neighbourhood of the generic point 
of C, 

(K z + Z + ^h*H)\ v = K v + E\u + £C + J, 

where J > 0. As r is a general point of R, (U, E\u + £C + J) is sub log 
canonical in a neighbourhood of the generic point of C. It follows that 

multc + £ < 1, 

so that 

multc VP = multfi = 1— /x > 1 — multc S|cy- 
Thus * > Hit;. □ 
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5. Global to local 



Lemma 5.1. Fix a positive integer n and a set 1 G / C [0,1]. 

Suppose (X, A) is a log canonical pair where X is a variety of di- 
mension n + 1, the coefficients of A belong to I and there is a non 
kawamata log terminal centre V <Z X . Suppose that c £ I is the coeffi- 
cient of some component M of A which contains V. 

Then we may find a log canonical pair (S, 0) where S is a projective 
variety of dimension at most n, the coefficients of belong to D(I), 
Ks + O is numerically trivial and some component of has coefficient 

m — 1 + / + kc 
m 

where m, k G N and f G D(I). 

Proof. Possibly passing to an open subset of X and replacing V by a 
maximal (with respect to inclusion) non kawamata log terminal centre, 
we may assume that X is quasi-projective, V is the only non kawamata 
log terminal centre of (X, A) contained in M and that every component 
of A contains V. If V is a divisor then M = V is a component of A with 
coefficient one so that c = 1. As 1 G / we may take (S, 0) = (F l ,p + q), 
where p and q are two points of P 1 . 

Suppose Y is the normalisation of a component of A of coefficient 
one. Then we may write 

(k x + a)\ y = k y + t, 

for some divisor T whose coefficients belong to D(I), (Y, T) is log canon- 
ical and there is a component N oi T with coefficient 

l-l + g + jc 

d= 1 ' 

containing V. Here j and / are positive integers and g G I+. Moreover, 
by inversion of adjunction, cf [H], every component of the inverse image 
of V is a non kawamata log terminal centre of (Y, T). By induction 
on n we may find a log canonical pair (S*, 0) where S is a projective 
variety of dimension at most n — 1, the coefficients of belong to 
D(D(I)) = D(I), Ks + is numerically trivial and some component 
of has coefficient 

m — 1 + / + kd 
m 

where m, k G N and / G D(D(I)) = D(I). As the coefficients of are 
at most one, either I — 1 or k — 1. Now 

l(m - 1 + /) + k(l - 1) + kg + kjc Im - I + (If + kg) + kl - k + (kj)c 
Im Im 
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If / = 1 then we have 

m — 1 + (/ + kg) + (kj)c 
m 

and if k = 1 then we have 

lm-l + (lf + g)+ jc 
Im 

Either way we are done. 

Otherwise we may assume that \_A\ = 0. Let /: Y — > X be a 
divisorially log terminal model of (X, A). Then Y is Q-factorial and 
we may write 

Ky + T + T = f*(K x + A), 

where T is the strict transform of A, T is the sum of the exceptional 
divisors and the pair (Y, T + T) is divisorially log terminal. By (4) of 
(13.3. ip we may choose / so that T contains the inverse image of V. 

Let S be an irreducible component of T which intersects the strict 
transform N of M above the generic point of V. Then we may write 

(K Y + T + T)\ s = Ks + e, 

by adjunction, where (S, O) is divisorially log terminal, the coefficients 
of belong to D(I) and some component of has a coefficient of the 
form 

m — 1 + / + kc 
m 

where m, k e N and / e D(I). As S is a non kawamata log terminal 
centre of (Y, T + T) whose image contains V, the centre of S on X is 
V so that there is a morphism S — > V. Note that N fl S dominates 
V. If v G V is a general point then (S V ,Q V ) is divisorially log terminal, 
S v is projective of dimension at most n, the coefficients of 0„ belong 
to D(I), some component of has a coefficient of the form 

m — 1 + / + kc 
m 

and Ks v + Q v is numerically trivial. □ 

Lemma 5.2. Let I C [0, 1] be a set which satisfies the DCC. 
If Jo C [0, 1] is a finite set then 

Io = { c G / | G Jo, /or some k, m G N and / G -D(J) } 



is a finite set. 
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Proof. We may assume that 0. Suppose that 

m — 1 + f + fee 
I = G J - 

m 

Then kc < 1. As / satisfies the DCC, we may find 5 > such that 
c > 5. It follows that k < 1/8 so that k can take on only finitely 
many values. As Jo is finite, we may find e > such that if / < 1 then 
/ < 1 — e. But then m < -. If / = 1 then / + kc = 1, in which case 
we may take m — 1. Either way, we may assume that m takes on only 
finitely many values. 
Fix k, m and I. Then 

(ml — m + 1) — / 
C= k • 

The LHS belongs to /, a set which satisfies the DCC. The RHS belongs 
to a set which satisfies the ACC. But the only set which satisfies both 
the DCC and the ACC is a finite set. □ 

Lemma 5.3. TheoremWi^A implies TheoremlAl . 

Proof. As I satisfies the DCC so does J = D(I). As we are assuming 
Theorem [Dl,_i . there is a finite set J C J such that if (S, 0) is a log 
canonical pair where S is projective of dimension at most n — 1, the 
coefficients of G belong to J and K$ + Q is numerically trivial, then 
the coefficients of belong to Jo- Let 

T r T ,m — l + f + kc „ , ^ T - 

Jo — \ c £ 1 \ G Jo for some k and m G rN and / G i+ }. 

m 



As Jo is a finite set, ( 15. 2 ft implies that Jo is also a finite set. 

Suppose that (X, A) is a log canonical pair where X is a quasi- 
projective variety of dimension n, the coefficients of A belong to /, and 
there is a non kawamata log terminal centre Z d X which is contained 
in every component of A. (15.11) implies that the coefficients of A belong 
to I . □ 



6. Upper bounds on the volume 

Lemma 6.1. Theorem\L^ l _i and Theorem\^ l ^i imply that there is a 
constant e > with the following property: 

If (X, A) 6 D, where X has dimension n, A is big and Kx + $ is 
numerically trivial, where 

$ > (1-<$)A, 
for some 5 < e, then (X, $) is kawamata log terminal. 
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Proof. Theorem [DL^ and Theorem lAT_i imply that we may find e > 
with the following property: if S is a projective variety of dimension 
Ti — l, (S, 0) and (S, 0') are two log pairs, the coefficients of belong 
to D(I), and 



then (S, 0) is log canonical if (S, 0') is log canonical, and moreover 
= 0' if in addition K$ + 0' is numerically trivial. 

Suppose that (X, $) is not kawamata log terminal, where 



for some 5 < e and Kx + $ is numerically trivial. Pick A G (0, 1] such 
that (X, (1 — A)A + A$) is log canonical but not kawamata log terminal. 
As $ is big, 8 < e and (X, A) is kawamata log terminal, perturbing $ 
we may assume that (X, (1 — A) A + A$) is purely log terminal and the 
non kawamata log terminal locus is irreducible. 

Replacing $by(l— A)A+A$we may assume that (X, $) is purely log 
terminal. Let <fi: Y — > X be a divisorially log terminal modification 
of (X, $). We may write 

K Y + ^ = <f)*(Kx + $) and Ky + T + aS = <f>*(K x + A), 

where S = \^\ is a prime divisor, T is the strict transform of A and 
a < 1, as (X, A) is kawamata log terminal. 

As Ky + ^ is numerically trivial, Ky + ^ — S is not pseudo-effective. 
By [7], we may run / : Y — ► W the (Ify + W - S^-MMP until we end 
with a Mori fibre space tt : W — > Z. As Ky + W is numerically trivial, 
every step of this MMP is S-positive, so that the strict transform T of 
S dominates Z. Let F be the general fibre of tt. Replacing Y, T and 
^ by F and the restriction of 7r*r and tt^ to F, we may assume that 
S, and T are Q-linearly equivalent to multiples of the same ample 
divisor. 

In particular Ky + T + S is ample. As ^ > (1 — e)T + S, it follows 
that Ky + (1 — r/) T + S is numerically trivial, for some < 77 < e, and 
i^y + (1 — e)r + 5* is log canonical. We may write 



(1 - e)0 < 0' < 



$ > (1-S)A 



(K Y + (l-e)T + S)\ s 
(K Y + (l-r,)T + S)\ s 

(Ky + T + S)\s 



K s + Q 2 

K s + e, 



and 



where the coefficients of belong to D(I). Note that 

(1 -e)0 < ©i < 2 < 0, 
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where by ( 14.1 p the first inequality follows from the inequality 

/ m-l+A m-l + tf 

t < lor any t < 1. 

\ m J m 

As (S, 0i ) is log canonical, it follows that (S, 0) is log canonical. In 
particular (S, ©2) is also log canonical. As K$ + ©2 is numerically 
trivial, = ©2, a contradiction. □ 

Lemma 6.2. TheoremWl-i and Theorem\Ah_i imply Theorem \B\ . 

Proof. Let e > be the constant given by ( IP) . If (X, A) G ID, II ~ R 
77A and (X, II + (1 — rf) A) is not kawamata log terminal, then 77 < e. 
It follows that 

voi(x,A) < t^y . □ 

7. BlRATIONAL BOUNDEDNESS 

Lemma 7.1. Lei (X, A) be a log pair, where X is a projective variety 
of dimension n and let D be a big M- divisor. 

If vol(X, D) > (2n) n then there is a family V — > B of subvarieties 
of X such that if x and y are two general points of X then we may find 
b G B and < D\> ~r D such that (X, A + Df,) is log canonical but 
not kawamata log terminal at both x and y and there is a unique non 
kawamata log terminal place of (X, A + Df,) with centre Vb containing 
x. 

Proof. Let K be the algebraic closure of the function field of X. There 
is a fibre square 

X K -X 



Spec K — «- Spec k. 

Let £ be the closed point of Xk corresponding to the generic point 
of X and let Dk be the pullback of D. As £ is a smooth point of 
Xk and vol(X^, Dk/2) > n n , we may find < ~k Dk/2 such 
that (Xk, A^ + D^) is not kawamata log terminal at £. By standard 
arguments we may spread out to a family of divisors D t , t e T such 
that if x is a general point of X then we may find t G T such that 
(X, A + D t ) is not kawamata log terminal at x, where D t ~q D/2. 

Let y be a general point of X. Pick s such that (X, A + D s ) is not 
kawamata log terminal at y, where D s ~q D/2. Let 

j3 = fi x = sup{ A G R I (X, A + \(D t + D s )) is log canonical at x }, 
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be the log canonical threshold. As x and y are general points of X, 
fix — fly Thus (X, A + f3(D s + D t )) is log canonical but not kawamata 
log terminal at x and y. Perturbing we may assume that there is 
a unique non kawamata log terminal place of (X, A + (3(D t + D s )) 
containing x with centre Vr Sj t)- Then we may take for B an open subset 
of T x T of the form U X U. □ 

Lemma 7.2. Assume TheoremKW^ and Theorem\A\^ . Fix a positive 
integer p. 

Let fBi be the set of kawamata log terminal pairs (X, A), where X 
is projective of dimension n, Kx + A is big and either pA is integral 
or the coefficients of A belong to 

r — 1 
{ r eN}. 

r 

Then there is a positive integer m such that 4> m (K x +A) ^ s birational, 
for every (X, A) £ *Bi. 

Proof. Passing to a log canonical model of (X, A) we may assume that 
K x + A is ample. 

Pick a positive integer k such that vol(X, k(Kx + A)) > (2n) n . We 
will apply (13.5.51) to k{Kx + A). (2) holds by hypothesis. 

Let 

J ={ 1 - a | a £ LCT n _ 1 (D(7)) } U { 1}. 

Theorem lAl„i implies that J satisfies the DCC. 

Theorem ICl_i implies that there is a positive integer I such that if 
(U, \&) is a log canonical pair, where U is projective of dimension at 
most n — 1, the coefficients of ^ belong to J and Kjj + ^> is big, then 
0z(kv+*) is birational. 

Apply dZHJ to fc(if x + A) to get a family V — > B. Let 6 £ B be 
a general point. Let i/: — >■ VJ, be the normalisation of H- (I4.2p „ 
implies that we may find on W such that 

(K x + A + A b )\ w -(K w + e), 

is pseudo-effective, where the coefficients of 9 belong to J. 

Let : U — > W be a log resolution of (W, 0) and let ^/ be the sum 
of the strict transform of and the exceptional divisors. (I4.2IL implies 
that 

(Ku + V)>(K X + A)\u, 

so that Ku + ^ is big. As the coefficients of belong to J, it follows 
that the coefficients of ^ belong to J. But then cf)i{Ku+m) is birational. 
It is easy to see (1) of (I3.5.5P holds. 

27 



As the hypotheses of (I3.5.5P hold, there is a positive integer m such 
that 4>m k(K x +A) is birational. If vol(X, Kx + A) > 1 then vol(X, 2(n + 
1){K X + A)) > {2n) n and 02m o (n+i)(_ft:x+A) is birational. 

Otherwise, if vol(X, Kx + A) < 1, then we may find k such that 

(2n) n < vol(X, k(K x + A)) < (4n) n . 

It follows that 

vol(X, m Q k(K x + A)) < (4m n) n . 

(13.5. 2p implies that there is a constant < 5 < 1 such that if (X, A) e 
93, then 

vol(X, K x + A) > <5. 

In this case, 

vol(X,a(K x + A)) > (2n) n , 

where 

a = T' 

and we may take m = max(mo r a n , 2mo(n +1)). □ 

Lemma 7.3. Assume Theorem\Q l -i, Theorem\^ l _i, and TheoremWL . 

Then there is a constant f3 < 1 such that if (X, A) G 23 then the 
pseudo- effective threshold 

X = inf{ teR\K x + tA is big}, 

is at most /3. 

Proof. We may assume that 1 6 J. Suppose that (X, A) e 93. Let 
7r : y — )• X be a log resolution of (X, A). We may write 

K Y + T = ir*(K x + A) + F, 

where T is the strict transform of A plus the sum of the exceptional 
divisors and F > is exceptional as (X, A) is log canonical. Let 

H = inf{ t E R | K Y + tT is big }. 

be the pseudo-effective threshold. As tx*(Ky + f-iT) = Kx + /iA is 
pseudo-effective it follows that A < \i and so it suffices to bound \i away 
from one. Replacing (X, A) by (Y, T) we may assume that (X, A) has 
simple normal crossings. 

We may assume that A > 1/2, so that Kx is not pseudo-effective. 
As K x + A is big we may find < D ~ R (K x + A). If e > then 

(1 + e){K x + AA) ~ M K x + fiA + eD, 

where /x=(l + e)A — e<A. It follows that if e is sufficiently small 
then Kx + /iA + is kawamata log terminal. By [7], we may run 
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/: X — - > Y the (Kx+^A)-MMP with scaling until Ky+T is kawamata 
log terminal and nef, where T = f*(\A). Now we may run the (Ky + 
fif*A)-MMP with scaling of f*D until we get to a Mori fibre space 
ir: Y — y Z; all steps of this MMP are (Ky + r)-trivial, as all steps 
of this MMP are (Ky + fif* A + e/*.D)-trivial, so that (Y, T) remains 
kawamata log terminal and nef. Replacing (X, A) by a log resolution, 
we may assume that / is a morphism. Replacing X by the general fibre 
of the composition of / and 7r, we may assume that Z is a point, so 
that Ky + T is numerically trivial. 

Suppose that we have a sequence of such log pairs (X t ,Ai) e 03. 
We may assume that the pseudo-effective threshold is an increasing 
sequence, 

Ai < A 2 < A 3 < . . . , 
and it suffices to bound this sequence away from one. Let 

J = {Xfl\i e 1,1 e N}. 

Then J satisfies the DCC, as A; are an increasing sequence. 

Theorem [B^ implies that there is a constant C such that vol(Y, T) < 
C for any T whose coefficients belong to J. Let a be the smallest non- 
zero element of J and let G = Gi be the sum of the components of 
r = rV Let Y = Y. Then 

vol(F, K Y + G)= vol(F, G-V) 

< vol(F, G) 

< vol(Y, -r) 

a 

C 

< — . 

Let D be the sum of the components of A. Certainly Kx + D is big. 
We may write 

K x + D = r(K Y + G) + F, 
where F is supported on the exceptional locus. It follows that 

C 

vol(X, K x + D) < vol(F, K Y + G) < — . 

a n 

Given (Xi, D{) we may pick r G N such that 

K Xl + & l = K Xl + r —D l 

r 

is big. As the coefficients of 0/ belong to 

{ r -^\r eN}, 
r 
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f)7.2p implies that 

{(X,,e,)|ZeN}, 
is log birationally bounded. But then 

{(X,,A { )|ZGN}, 

is log birationally bounded. In particular, [T3| 1.9] implies that there 
is a constant 5 > such that 

vol(X,X Xi + A,)><5, 

for every / G N. In this case 

5 < vo\(X,K x +A) < vo\(Y,K Y +jT) = (i— 1)" vol(Y, T) < (j-l) n C, 
so that we may take 

(3 = l -^r- □ 

i+(i) 1/n 

Lemma 7.4. Theorem 17^,-1 . Theorem H^-i . and Theorem [5h imply 
Theorem [Cl . 



Proof. Replacing J by 



IU{- -|r GN}U{1}, 

r 

we may assume that 1 is both an accumulation point of 7 and an 
element of I. Let a be the smallest non-zero element of I. By (17.31) 
there is a constant f3 < I such that if (X, A) G 23 then the pseudo- 
effective threshold 

A = inf { i G R | K x + t A is big }, 

is at most (3. 

Pick (X, A) G 93. Let tt: F — ► X be a log resolution of (X, A). 
Then we may write 

K Y + T = 7i*(K x + A) + E, 

where T is the strict transform of A plus the sum of the exceptional 
divisors. Replacing (X, A) by (Y, T) we may assume that (X, A) is log 
smooth. If S = [AJ , then we may pick r G N such that 

K X + A' = K X + —S + {A}, 
r 

is big. Replacing (X, A) by (X, A'), we may assume that (X, A) is 
kawamata log terminal. 
Pick p such that 

2 

P> a(l-(3)' 
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If a is the coefficient of a component of A then 

p p 

a(l-p) 



> a 

> a 



2 

a(l-/3) 



It follows that 



2 

a(l +/3) 



j3 I 1 . 

-A < A bJ < A, 



2 

so that K x + A^j is big. Since the coefficients of A^j belong to 

I = {-\l<i<p-l}, 
p 

(I7.2p implies that there is a positive integer m such that <t> m (K x +&i P \) 
is birational. But then 4>m(K x +&) * s birational as well. □ 

8. Numerically trivial log pairs 
Lemma 8.1. Theorem [I2k_i and Theorem\Ch, imply Theorem [PL . 

Proof. We may assume that 1 G / and n > 1. 

As we are assuming Theorem [Dl_i there is a finite set J$ G J = D(I) 
with the following property. If (S, O) is a log pair such that S is 
projective of dimension n — 1, the coefficients of belong to J, (S 1 , 0) 
is log canonical, and Ks + is numerically trivial, then the coefficients 
of belong to Jo- Let I\ be the largest subset of I such that D{I\) C Jo- 
(15.21) implies that I\ is finite. 

Theorem Oi implies that there is a constant m with the following 
property: if (Y, T) is log canonical, Y is a projective variety of dimen- 
sion n, Ky+T is big and the coefficients of T belong to I, then (f) m (K Y +T) 
is birational. 

For every 1 < I < m, let 

^ = [(/-l)/m,//m), 
and A m+ \ = { I } so that 

m+l 

[o,i]= \JU 
i=i 

Let J2 be the union of the largest elements of A\ D I (if A\ D I does 
not have a largest element, either because it is empty or because it has 
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infinitely many elements, then we ignore the elements of Ai D J). Then 
I2 has at most m + 1 elements, so that J 2 is certainly finite. Let I be 
the union of l\ and /2- 

Suppose that (X, A) satisfies (1-4) of Theorem IDl . Passing to a 
divisorially log terminal modification, we may assume that A is Q- 
factorial. Further (A, A) is kawamata log terminal if and only if |_AJ = 
0. Suppose that B is a prime component of A with coefficient i. It 
suffices to prove that 2 G Jo- We may assume that i ^ 1. Suppose 
that B intersects a component of |_AJ . If S is the normalisation of this 
component then by adjunction we may write 

(K x + A)\ s = K s + e, 

where the coefficients of belong to J = D(I) by (I4.ip . As S is 
projective of dimension n — 1, (S, O) is log canonical, and K$ + 6 is 
numerically trivial, the coefficients of G belong to Jo- But then i G I\. 

As A'x+A is numerically trivial, K x + A—iB is not pseudo-effective. 
By [7] we may run /: X Y the (Kx + A — iB)-MMP until we reach 
a Mori fibre space. As Kx + A is numerically trivial, it follows that 
every step of this MMP is 5-positive. If at some step of this MMP we 
contract a component S of |_AJ then this component intersects B and 
i G I\ by the argument above. It follows that (Y, /*A) is kawamata log 
terminal if and only if [/*^J = 0. Further B is not contracted and so 
replacing (A, A) by (Y, /*A), we may assume that A is a Mori fibre 
space 7r: A — > Z, where B dominates Z. 

If Z is not a point, then replacing A by the general fibre of 7r we are 
done by induction. So we may assume that A has Picard number one. 
If |_AJ 7^ then any component S of |_AJ intersects B and so i G I±. 
Otherwise |_AJ = and we may assume that (A, A) is kawamata log 
terminal. 

Suppose that j G / and j > i. Let n: Y — > A be a log resolution 
of (A, A). Let Tq be the strict transform of A, let E by the sum of the 
exceptional divisors, and let C be the strict transform of B. Set 

T = T + E + (j-t)C. 

Then (Y, T) is log canonical and the coefficients of T belong to /. We 
may write 

K Y + r + E = 7i*(K x + A) + F, 

where F > contains the full exceptional locus. Pick e > such that 
F > eE. Then 

K Y + T = {K Y + T + (1 - e)E) + (j - i)C + eE, 
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is big. Hence 4> m (K Y +r) is birational, so that K Y + ^\m\ is big. But 
then K x + A|_ m j is big, where 

A = 7r*r = A + (j - i)B. 

It follows that if % G Ai, then j > l/m, so that z is the largest element 
of the interval A\ which also belongs to I. Hence % G I2. □ 

9. Proof of Theorems 

Proof of fll.5p and (11.41) . This is Theorem [A] and Theorem [Dl □ 

Proof of (11. ip . Suppose that ci, C2, . . . G LCT n (J, J), where q < Cj+i. 
It suffices to show that q = Cj+i for f sufficiently large. By assumption 
we may find log canonical pairs (Xj,Aj) and M-Cartier divisors Mj, 
where Aj is a variety of dimension n, the coefficients of Aj belong to /, 
the coefficients of Mi belong to J and q is the log canonical threshold, 

Ci = sup{ t G M | (Xi, Aj + CjMj) is log canonical }. 

Let 0j = Aj + CjMj and 

= /U{cj |i G N,j G J}. 

Then (Xi, 0j) is log canonical, Xj is a variety of dimension n, the 
coefficients of Oj belong to K and there is a non kawamata log termi- 
nal centre V contained in the support of Mj. Possibly throwing away 
components of 0j which don't contain V and passing to an open sub- 
set which contains the generic point of V, we may assume that every 
component of 0j contains V. 

As K satisfies the DCC, ( II. 5ft implies that the coefficients of 0j 
belong to a finite subset K of K. It follows Cj = Cj + i for i sufficiently 
large. □ 

Proof of (fL"3]l . (3) is Theorem 
Fix a constant V > and let 

D v = { (X, A) G D | < volpf, K x + A) < V }. 

(3) implies that </> m (x x +A) is birational. (I3.5.2P implies that the set 

{vol(X,K x + A)\(X,A) G2V}, 

satisfies the DCC, which implies that (1) and (2) of (11.31) hold in di- 
mension n. □ 

Lemma 9.1. Let Z — > T be a projective morphism to a variety and 
suppose that (Z, $) has simple normal crossings over T. Suppose that 
the restriction of any irreducible component of $ to any fibre is irre- 
ducible. Suppose that (Z, $) is kawamata log terminal and there is a 
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closed point G T such that K Zo + $o is big. Let O < $ be any divisor 
with the same support as $. 

Then we may find finitely many birational contractions fa: Z ---> Xi 
over T such that if f : Z t Y is the log canonical model of (Z t ,^f) 
for some teT and Qt < ^ < *&t then f = fu for some index i. 

Proof. [131 1-7] implies that K z + $ is big over T. Pick 

< D ~ k ,t (# z + $). 

Let 



If we pick e > sufficiently small then Kz + B + $ is kawamata log 
terminal and we may find a divisor < 0' < G with 

K z + = e(A^ + $) + (1 - e)(J^ + 0'). 

If < E < $ then 

K z + E ~ Ri t (1 - e)(A' z + B + H'), 

where 0' < 5' < S. It is proved in [7] that there are finitely many 
/i, /2, . . . , fk birational contractions fa: Z —■* Xi over T such that if 
g: Z X is the log canonical model of K z + H over T then g = fi 
for some index 1 < i < k. 

It suffices to show that if E\z t = \& and is the log canonical model 
of A^ + 5 then / = g t . For this we may assume that T is affine. 

In this case the (relative) log canonical model is given by taking Proj 

X t = Proj(Z,R(Z,k(K z + E))), 
of the (truncation of the) canonical ring 

R(Z, k{K z + H)) = H°{Z, O z {mk{K z + »))). 

meN 

On the other hand [131 1.7] implies that if k is sufficiently divisible then 

R(Z, k(K z + S)) — > i?(^, fc(A Zt + 

is surjective and so f = gt. □ 

Proof of (jl.6p . By definition there is a log pair (Z, 5) and a projective 
morphism Z — )• T, where T is of finite type with the following prop- 
erty. If (X, A)eS then there is a closed point t G T and a birational 
map /: X ---> Z t such that the support of B t contains the support of 
the strict transform of A and any / _1 -exceptional divisor. 

We may assume that T is reduced. Blowing up and decomposing 
T into a finite union of locally closed subsets, we may assume that 
(Z, B) has simple normal crossings; passing to an open subset of T, we 
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may assume that the fibres of Z — > T are log pairs, so that (Z, B) 
has simple normal crossings over T; passing to a finite cover of T, we 
may assume that every stratum of (Z, B) has irreducible fibres over 
T; decomposing T into a finite union of locally closed subsets, we may 
assume that T is smooth; finally passing to a connected component of 
T, we may assume that T is integral. 

Let a = 1 — e < 1. Let $ = aB and G = SB, so that $, and B have 
the same support but the coefficients of $ are all a, the coefficients of G 
are all 6 and the coefficients of B are all one. As (Z, $) is kawamata log 
terminal it follows that there are only finitely many valuations of log 
discrepancy at most one with respect to (Z, $). As (Z, <J>) has simple 
normal crossings there is a sequence of blow ups Y — > Z of strata, 
which extracts every divisor of log discrepancy at most one. Note that 
as (Z, $) has simple normal crossings over T, it follows that if t 6 T 
is a closed point then every valuation of log discrepancy at most one 
with respect to (Z t , $ t ) has centre a divisor on Y t . 

Suppose that (A, A) e D. Then there is a closed point t G T and a 
birational map /: A — - > Z t such that the support of B t contains the 
support of the strict transform of A t and any /^-exceptional divisor. 
Let p: W — > X and q: W — > Z t resolve /. Let S be the sum of the 
p-exceptional divisors and let S be the sum of the strict transform of 
A and aS, so that S and S are divisors on W. We may write 

K w + E = p*(K x + A) + E, 

where E is a sum of p-exceptional divisors and E > as the log dis- 
crepancy of (X, A) is greater than e. 
Let \& = We may write 

p*(K x + A) + E + F = q*(K Zt + 

where F is g-exceptional. As p*[Kx + A) is nef, it is g-nef so that 
E + .F > by negativity of contraction. If v is any valuation whose 
centre is a divisor on X then 

a(Z 4 , $ t , v) < a(Z t , i/) as $ t > $ 

< a(A, A, i/) as £ + F > 

< 1 as the centre of v is a divisor on A. 

Therefore the induced birational map Y t ---> A is a birational con- 
traction. Thus replacing Z by 7 and 5 by its strict transform union 
the exceptional divisor, we may assume that g = f~ x : Z t A is a 
birational contraction. In this case F is p-exceptional and so g is the 
log canonical model of (Z t , Q t ). 
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Since there are only finitely integral divisors < B' < B, replacing 
B we may assume that ^ has the same support as B t . Kz t + is big 
as Kz t + \& is big and $ t > Finally O t < \1/ < $ 4 and so we are 
done by (TO . □ 

10. Proof of Corollaries 

Proof of (11. 2p . This follows from (II. ip and the main result of [6] . □ 

Proof of (I1.7P . (II. 5p implies that there is a finite subset Iq G I such 
that the coefficients of A belong to Iq- Thus there is a positive integer 
r such that rA is integral. 

On the other hand, Theorem [B] implies that there is a constant C 
such that vol(X, A) < C. Let D be the sum of the components of A. 
Then Kx + D is big and 

vol(X, i^x + D) = vol(X, D — A) 

< vol(X, D) 

< vol(X, r A) 

< Cr n . 

Let 7r: y — > X be a log resolution of (X, A). Let G be the sum 
of the strict transform of the components of A and the exceptional 
divisors. Then (Y, G) has simple normal crossings. Pick 77 > such 
that (X, (1 + 77) A) is kawamata log terminal and the log discrepancy is 
greater than e. Then Kx + (1 + rj) A is ample and we may write 

K Y + r = Tr*{Kx + (l + 7})A), 

where T < G. As K Y + V is big it follows that K Y + G is big. (TO]) 
implies that there is a positive integer m such that 4> m (K Y +G) is bira- 
tional, for every (X, A) G 2). But then 2) is log birationally bounded 
by [HI 2.4.2.3-4]. Now apply □ 

Proof of (II. 8p . Let D = —r(Kx + A). Then D is an ample Cartier 
divisor and -D — (A'x + A) is ample. By Kollar's effective base point 
free theorem (cf. [H]), there is a fixed positive integer m such that the 
linear system \mD\ is base point free. Pick a general divisor H G |m£)|. 
Then (X, A = A + —H) is kawamata log terminal and 

K x + A ~q 0. 

Note the coefficients of A belong to the finite set 

i 1 
I = {-\l<i<r-l}U{ }. 

r mr 

There are two ways to proceed. On the one hand we may apply (11. 7p . 

36 



Here is a more direct approach. Theorem [B] implies that 

vol(X,A), 

is bounded from above. But then 

vo\(X,mD) < (mr) n vol (X, A), 

is bounded from above. □ 

Proof of fll.lOp . Suppose that r\ < r-i < . . . is a non- decreasing se- 
quence in R. For each i we may find (X, A) = (Xj, Aj) 6 D and a 
Cartier divisor H such that — (Kx + A) ~r rH. By the cone theorem 
we may find a curve C such that — (Kx + A) • C < 2n, cf. Theorem 
18.2 of [12]. In particular r < 2n, as H • C > 1. By Fujino's extension, 
[TTj . of Kollar's effective base point free theorem, [TH], to the case of log 
canonical pairs, there is a fixed positive integer m such that the linear 
system \mH\ is base point free. Possibly replacing m by a multiple we 
may assume that m > 2n. Pick a general divisor D e |mif|. 
Then (X, A = A + —D) is log canonical and 

Kx + A ~k 0. 

Then the coefficients of Aj = A belong to the set 

JU{ — |zGN}, 
m 

which satisfies the DCC. (11.41) implies that the coefficients of A belong 
to a finite subset. But then = r^+i is eventually constant and so R 
satisfies the ACC. □ 



11. Accumulation points 
Definition 11.1. Given I C [0, 1] and c G [0, 1] let 

D c (I) = {a<l\a= m ~ 1 + f + kc ,k } meNJ e I + } C D(lU{c}). 

m 

Let < yi n (I,c) be the set of log canonical pairs (X, A) such that X is a 
projective variety of dimension n, Kx + A is numerically trivial and 
we may write A = B + C, where the coefficients of B belong to D(I) 
and the coefficients of C ^ belong to D C (I). 
Let 

N n (I) = { c G [0, 1] | *yin(I, c) is non-empty}. 

Lemma 11.2. Let n G N and I C [0, 1]. 

(1) LCT n (/)cLCT n+1 (J). 

(2) N n (I)cN n+l (I). 
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(3) If f el+ andkeN then 

c = ^-eN n (l). 

Proof. Let E be an elliptic curve. If (X, A = cZjAj) is a log pair 
then (Y, T) is a log pair, where F = Ix£ and r = Yl di(^i x E). By 
construction T has the same coefficients as A. 

Note that (X, A) is log canonical if and only if (Y, T) is log canonical. 
This gives (1). Further if c G [0, 1] and (X, A) G 0T„(7, c) then (Y, T) G 
% l+1 (I,c). This is (2). 

Using (2), it suffices to prove (3) when n = 1. Let X = P 1 and 
A = B + C, where B = fp + fq, C = 2kcr, and p, q and r are three 
points of P 1 . Then (X, A) G 9ti(I,c) (take m = 1) so that c G iVi(J). 
This is (3). □ 

For technical reasons, it is convenient to introduce a smaller set than 
9^(/,c): 

Definition 11.3. Groen 7 C [0, 1] and c G [0, 1] let Mn(I, c) C 0T n (J, c) 
6e t/ie subset consisting of kawamata log terminal pairs (X, A), where 
X is Q-factorial of Picard number one. 
Let 

K n (I) = { c G [0, 1] | &m(I, c) is non-empty, for some m < n}. 
Lemma 11.4. If n G N and I C [0, 1] then 

N n (IU{l}) = K n (I). 
In particular, N n (I U { 1 }) = N n (I). 

Proof. By (2) of (jll.2p . it suffices to show that 

N n (IU{l})cK n (I). 

Suppose that c G N n (I U { 1 }). Then we may find (X, A) G 9t n (7 U 
{ 1 },c). By assumption we may write A = A + B + C, where the 
coefficients of A are one, the coefficients of B belong to D(I) and the 
coefficients of C ^ belong to D C (I). 

Let 7r: X' — > X be a divisorially log terminal modification of 
(X, A). If we write 

K x , + A' = n*(K x + A), 

then X' is projective of dimension n, X' is Q-factorial, (X', A') is 
divisorially log terminal and Kx> + A' is numerically trivial. Let B' 
and C be the strict transforms of B and C and let A' = A' — B' — C . 
Then the coefficients of A 1 are one, the coefficients of B' belong to 
D(I) and the coefficients of C ^ belong to D C (I). Thus (X', A') G 

38 



U { 1 }, c). Replacing (X, A) by (X', A') we may assume that X 
is Q-factorial and (X, A + B) is divisorially log terminal. Note that 
(X, A) is kawamata log terminal if and only if A = 0. 

Suppose that A and C intersect. Let S be an irreducible component 
of A which intersects C. Then we may write 

(K x + A)\s = K s + Q, 

by adjunction, where (S, 0) is divisorially log terminal and moreover 
we may write G = A' + B' + C, where the coefficients of A' are one, the 
coefficients of B' belong to D(I) and the coefficients of C ^ belong 
to D C {I). Thus (S, 9) G 0t n _i(/ U { 1 }, c). Hence c G # n _i(J U { 1 }) 
and so c G K n -i(I) C K n (I), by induction on n. 

Let f: X — > X' be a step of the (X x + A + 5)-MMP. As X x + 
A is numerically trivial, / is automatically C-positive. Suppose that 
/ is birational. Let A' = f*A, B' = f*B and C = f*C, so that 
A' = /.A = A' + B' + C. C ^ 0, as / is C-positive. X' is a 
projective variety of dimension n, (X', A') is log canonical, Kx> + A' is 
numerically trivial, the coefficients of A' are all one, the coefficients of 
B' belong to D(I) and the coefficients of C ^ belong to D C (I). Thus 
(X', A') G 0T n (J U { 1 }, c). Further X' is Q-factorial and (X', A' + £?') 
is divisorially log terminal. If a component of A is contracted then A 
and C intersect and we are done. Otherwise (X', A') is kawamata log 
terminal if and only if A' = 0. 

If we run the (Kx + A + 5)-MMP with scaling of an ample divisor 
then we end with a Mori fibre space. Therefore, replacing (X, A) by 
(X', A') finitely many times, we may assume that /: X Z = X' is 
a Mori fibre space and C dominates Z. If dim Z > then let z G Z be 
a general point. Then (X z , A 2 ) G r t n _fe(/ U { 1 }, c), where = dimZ, 
and we are done by induction on the dimension. 

So we may assume that Z is a point in which case X has Picard 
number one. If A ^ then A and C intersect and we are done. If 
A = then (X, A) is kawamata log terminal and so (X, A) G &n(I, c). 
But then c G K n (I). □ 

Proposition 11.5. J/ J C [0, 1], J = 7 + onrfnGN f/ien LCT n+1 (J) = 
N n (I). 

Proof. We first show that LCT n+1 (J) C N n (I). Pick ^ c G LCT n+1 (/). 
By definition we may find a log canonical pair (X, A + cM) where X 
has dimension n+ 1, the coefficients of A belong to /, M is an integral 
Q-Cartier divisor and there is a non kawamata log terminal centre V 
contained in the support of M. Possibly passing to an open subset of 
X and replacing V by a maximal non kawamata log terminal centre, 
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we may assume that V is the only non kawamata log terminal centre 
of (X, A + cM). In particular, (X, A) is kawamata log terminal. 

If V is a component of M then V has coefficient one in A + cM and 
c = i_£ G jv n (I) by (3) of PX21) . Otherwise let /: Y — ► X be a 
divisorially log terminal model of (X, A + cM). Then Y is Q-factorial 
and we may write 

K Y + T + A' + cM' = f*(K x + A + cM) 

where A' and M' are the strict transforms of A and M, T is the sum 
of the exceptional divisors and the pair (Y, T + A' + cM') is divisorially 
log terminal. By (4) of (13.3. ip we may choose / so that T contains 
the inverse image of V. Let S be an irreducible component of T which 
intersects M' . Then we may write 

(K Y + T + A' + cM')\ s = K S + Q, 

by adjunction, where (S, 0) is divisorially log terminal and moreover 
we may write G = A + B + C, where the coefficients of A are one, the 
coefficients of B belong to D(I) and the coefficients of C ^ belong 
to D C (I). As S is a non kawamata log terminal centre, the centre of 
S on X is V so that there is a morphism S — > V. If v G V is a 
general point then (S v , Q v ) 6 U { 1 },c), for some k < n. Thus 

C GA^(/U{l})ciV n (/). 

We now show that LCT n+ i(7) D iV„(J). Pick O^cG iV„(J). Then 
we may find a pair (X, A) e ^m(/, c), some m < n. If m < n then we 
are done by induction on the dimension. Otherwise X has dimension 
n. As — Kx is ample, we may pick d such that —dKx is very ample 
and embed X into projective space by the linear system | — dKx\- 

Let Y be the cone over X and let Tj be the cone over Aj. Then 
Y is a quasi-projective variety of dimension n + 1. Y is Q-factorial as 
X has Picard number one. (Y, T = X] ^P*) is l°g canonical but not 
kawamata log terminal at the vertex p of the cone. By assumption we 
may write 

, mi - 1 + fi + he 
di = , 

for each i, where m; is a positive integer, ki is a non-negative integer 
(ki = if Ti is a component of £>j and ki > if Tj is a component of 
Cj) and /j G J+. Since we are working locally around p, the vertex of 
Y, we may find a cover of ir: Y — > Y which ramifies over Tj to index 
rrii for every % and is otherwise unramified at the generic point of any 
divisor. We may write 

Ky + f = 7l*(Ky + T), 
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where the coefficients of T belong to the set 

{fi + kic\i}. 

Y is a Q-factorial quasi-projective variety of dimension n+1 and (Y, T) 
is log canonical but not kawamata log terminal over any point q lying 
over p. Let 

e = J2fi T i and M i = ^k i r i . 

Then the coefficients of O belong to I + = I, Mi is an integral Q-Cartier 
divisor and 

c = sup{ t G K | (A, + tM) is log canonical }, 
is the log canonical threshold. But then c G LCT n+ i(J). □ 

Lemma 11.6. Let (A, A) be a log canonical pair, where X is Q- 
factorial of dimension n and Picard number one and Kx + A is nu- 
merically trivial. 

If the coefficients of A are at least 5 then A has at most compo- 
nents. 

Proof. [2U 18.24] implies that the sum of the coefficients of A is at 
most n + 1. □ 

Proposition 11.7. Fix a positive integer n and a set I C [0, 1] whose 
only accumulation point is one such that I — I + . 

Let ci, C2, • • • G [0, 1] be a strictly decreasing sequence with limit c ^ 
with the following property. There is a sequence of log canonical pairs 
(Xi, Aj) such that Xi is a projective variety of dimension n, Kx t + A, 
is numerically trivial and we may write Aj = + B si + Ci, where the 
coefficients of A{ are approaching one, the coefficients of Bi belong to 
D(I) and the coefficients of Ci ^ belong to D C .(I). 

Then c G iV n _i(f). 

Proof. We may assume that Ai and Bi + Ci have no common compo- 
nents. Replacing Bi by Bi — \_Bi\ and Ai by Ai + \ Bi\ we may assume 
that |_AjJ = \_Ai\ . As the coefficients of Ai + Bi belong to a set which 
satisfies the DCC, fll.5p implies that not all of the coefficients of Ci are 
increasing. In particular at least one coefficient of is bounded away 
from one. 

Let <2j be the log discrepancy of (Xi, Aj). 
Case A: limaj > 0. 

In this case, we assume that a, is bounded away from zero. 
Case A, Step 1: We reduce to the case Xi is Q-factorial and the 
Picard number of Aj is one. 
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As we are assuming that Oj is bounded away from zero, A± = and 
so (Xi, Aj) G m n (I, Ci ), so that a G N n {I) = K n (I), by (HUD- Thus 
we may assume that (Xi, Aj) G ^ m (J, q), for some m < n. If m < n 
then we are done by induction. Otherwise we may assume that Xi is 
Q-factorial and the Picard number of Xi is one. 

Possibly passing to a subsequence, (111.61) implies that we may assume 
that the number of components of Bi and Cj is fixed. As the only 
accumulation point of D(I) is one and the coefficients of Bi are bounded 
away from one, possibly passing to a subsequence we may assume that 
the coefficients of Bi are fixed and that the coefficients of Cj have the 
form 

r — 1 f kci 
+ - + — , 

ry ry ly 

where k, r and / depend on the component but not on i. 

Given t G [0, 1], let Cj(t) be the divisor with the same components 
as Ci but now with coefficients 

r - 1 / kt 
+ - + —, 

ry ry ly 

so that Ci = Cj(cj). Let 

hi = sup{ 1 1 (Xi, Bi + Ci(t)) is log canonical }, 

be the log canonical threshold. Set h = lim/ij. 
Case A, Step 2: We reduce to the case h > c. 
Suppose that h < c. As q < hi, it follows that h = c. Now 

hi G LCT n (£>(I)) = N n ^(I), 

so that we are done by induction in this case. 

Case A, Step 3: We reduce to the case vol(Xj, Ci) is unbounded. 
Suppose not, suppose that vol(Xj, Ci) is bounded from above. Let 

7 Ci + K c+h 

di = and a = . 

2 2 

Then the coefficients of (Xi,Bi + Ci(d)) are fixed. The log discrep- 
ancy of (Xi,Bi + Ci(di)) is at least Oj/2 so that the log discrepancy 
of (Xi,Bi + Ci(d)) is bounded away from zero. As h > c, possibly 
passing to a tail of the sequence, we may assume that d > Ci so that 
K Xi + Bi + Ci(d) is ample. Note that 

vol(Xi, K Xi + Bi + Ci(d)) = vol(Xi, d(d) - d) 

is bounded from above by assumption. (11 .3p implies that there is a 
positive integer m such that ^>m(K x -+Bi+Ci(d)) is birational. But then 
{ (X h Aj) | % G N} is log birationally bounded by [J3l 2.4.2.4]. (IP]) 
implies that (Aj, Aj) belongs to a bounded family. Thus we may find 
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an ample Cartier divisor Tfj such that the intersection numbers Tj ■ 
H™~ and —K Xl ■ H™' 1 are bounded, where Tj is any component of 
Aj. Possibly passing to a subsequence, we may assume that these 
intersection numbers are constant. But then 

(K Xi + Aj) ■ H r r X = 0, A- Hr 1 = and B t ■ H?' 1 

is independent of i, whilst Cj ■ T/f -1 is not constant, a contradiction. 
Case A, Step 4: We finish case A. 

As vol(Aj, Cj) is unbounded and Cj is ample, passing to a subse- 
quence, we may find gi < C{ and a divisor 

< 6j ~ R Cj - Ci(gi) with lim^ = c, 

such that (A"j, $j = Tj + Cj(^j) + Oj) is purely log terminal but not 
kawamata log terminal. If <fi: Y{ — > Aj is a divisorially log terminal 
modification then <j) extracts a unique prime divisor Sj of log discrep- 
ancy zero with respect to (Aj, $j). We may write 

K Yi +% = <f>*{K Xi +®i) and Ay +^+^'+5^ = </>*(A Xi +Aj), 

where Sj = [^i\, B[ and C[ are the strict transform of Bi and Cj, and 
s,i < 1, as (Aj, Aj) is kawamata log terminal. 

As Ay + \l/j is numerically trivial, Ay. + \l/j — S*j is not pseudo- 
effective. By [7], we may run /: Y t —+ w\ the (Ay + - 
until we end with a Mori fibre space 7Tj : Wi — > Zi. As Ay + ^/i is 
numerically trivial, every step of this MMP is Si-positive, so that the 
strict transform Tj of Si dominates Zj. Let Tj be the general fibre of 
7Tj. Replacing Yi, B[, C[ and \l/j by Tj and the restriction of f*B[, f*C'i 
and f^i to Tj, we may assume that Si, \I/j, B[ and C[ are multiples of 
the same ample divisor. In particular Ay- + B[ + C[ + Si is ample. 

We let Cj(t) denote the strict transform of Cj(£). We may write 

(Ay + S l + B[ + C'i(t))\ Si = K Sl + B'l + C»{t), 

where the coefficients of B" belong to D(I) and the coefficients of 
C»{t) ^ belong to D t (I). We let Cf = Cf (q). 

There are two cases. Suppose that (Si, B" + C") is not log canonical. 
Let 

ki = sup{ 1 1 (Si, + Cj'(t)) is log canonical }, 

be the log canonical threshold. Then ki G LCT n _ 1 (TJ(/)) = N n _ 2 (I). 
Then k = lim/cj G N n _ 2 (I) C iV^-ifJ) by induction on n. As (Sj, Tf + 
C'i'(gi)) is kawamata log terminal, fcj G (gi,Ci). Thus 

c = limcj = limfcj = G A re _x(I). 
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Otherwise we may suppose that (Si, B" + C") is log canonical. Let 

li = sup{ 1 1 (Si, B'l + C"(t)) is pseudo-effective }, 

be the pseudo-effective threshold. Then /; G N n _i(I) and / = lim/j G 
N n _i(I) by induction on n. On the other hand li G q). Thus 

c = hmcj = lim/j = Z G N n _i(I). 

Case B: limaj = 0. 

In this case, we assume that approaches 0. 

Case B, Step 1: We reduce to the case Ai ^ 0, Xi is Q-factorial 
and (Xi, Ai) is kawamata log terminal if and only if |yLJ = 0. 

Possibly passing to a subsequence we may assume that a { > a i+1 and 
Oj < 1. If (Xj,Aj) is not divisorially log terminal or A{ ^ but 
is not Q-factorial then let 7Tj : X[ — > Xi be a divisorially log terminal 
modification. If Ai — then let 7Tj : X? — > Xi extract a divisor of 
minimal log discrepancy a^, where X[ is Q-factorial. Either way, we 
may write 

Kxt + A^irKKxt+Ai), 

where A\ is the strict transform of A*. Let B[ and C[ be the strict 
transforms of Bi and Cj and let = A^ — 5- — C[ ^ 0. Then X,' is a 
Q-factorial projective variety of dimension n, (X-, A^) is a divisorially 
log terminal pair, Kx 1 . + A^ is numerically trivial, the coefficients of 
A'i 7^ are approaching one, the coefficients of B[ belong to D(I) and 
the coefficients of C\ ^ belong to D Ci (I). Replacing (Xi, Ai) by 
(X'ijA'j), we may assume that Ai ^ and Xi is Q-factorial. Moreover 
(Xi, Ai) is kawamata log terminal if and only if |_AJ = 0. 

Case B, Step 2: We are done if the support of Cj and \_Ai\ intersect. 

Suppose that a component of Cj intersects the normalisation of a 
component of LAiJ . Then we may write 

(K Xt +A l )\ Sl = K St + Q l , 

by adjunction. 5, is projective of dimension n — 1, (Si, 0j) is log canoni- 
cal, K s . + Qi is numerically trivial, and we may write O, = A^ + B^+C^, 
where the coefficients of A[ approach one, the coefficients of B[ belong 
to D(I) and the coefficients of G[ ^ belong to D C .(I). In this case, 
the limit c belongs to X n „ 2 (-0 C N n -i(I) by induction. 

Case B, Step 3: We are done if /j : X, — > Zi is a Mori fibre space, 
Ai dominates Zi and dim Zi > 0. 

Let Fi be the general fibre of /j. We may write 



(i^ + A^u^i^ + e,, 
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by adjunction. Fi is projective of dimension at most n — 1, (-Fj,©j) 
is log canonical, Kp. + 0j is numerically trivial, and we may write 
6j = A\ + B[ + C[, where the coefficients of A\ approach one, the 
coefficients of B[ belong to D(I) and the coefficients of C[ belong to 

DM- 

There are two cases. Suppose that C- = 0. Then (11. 5p implies that 
the coefficients of A\ are fixed, so that [A[\ = A\. But then |_AJ ^ 
dominates Zj. On the other hand, as C[ = 0, Cj does not intersect Fi, 
that is, Ci does not dominate Zj. But then Cj must contain a fibre so 
that Ai and Cj intersect and we are done by Case B, Step 2. Otherwise 
C[ ^ 0. In this case q G A r n „ 1 (J) so that 

c = lim Q G iV„- 2 (/) C iV n _i(J), 

by induction. 

Case B, Step 4: We reduce to the case (Xi, Aj) is kawamata log 
terminal. 

Suppose not, suppose that (Xj,Aj) is not kawamata log terminal. 
By Case B, Step 1, this implies that Si = LAJ is not the zero divisor. 
Let ©i = A.j - Si. We run the [K Xi + ©i)-MMP with scaling of some 
ample divisor. Let fa: Xi X[ be a step of the (K Xl + O^-MMP. 
As + Aj is numerically trivial, fi is automatically Sj-positive. Let 
A\ = fi*Ai, B[ = fi*Bi and C[ = fi*Ci. First suppose that fi is 
birational. If C- = then ( 11. 5p implies that the coefficients of A\ are 
all one. As fi contracts Ci it does not contract a component of Ai and 
so it follows that the coefficients of Ai are all one, that is, 5^ = A^. 
As fi contracts Ci and fi is Sj-positive, Ci intersects Si and we are 
done by Case B, Step 2. Therefore we may assume that C[ ^ and we 
may replace {Xi, Aj) by (X-, A[). As the MMP must terminate with a 
Mori fibre space, replacing (Xi, Aj) with (X-, A^) finitely many times, 
we may assume that fi : Xi — )• Zj = X[ is a Mori fibre space and Si 
dominates Zj. By Case B, Step 3, we may assume that Zj is a point. 
But then the support of Si and Ci intersect and we are done by Case 
B, Step 2. 

Case B, Step 5: We reduce to the case Xi has Picard number one. 

We run the [Kxi + -Bj + Cj)-MMP with scaling of some ample divisor. 
Let fi : Xi X[ be a step of the (K x . + B l + Cj)-MMP As K Xi + A. t 
is numerically trivial fi is automatically Aj-positive. Let A[ = fi*Ai, 
B[ = fi*Bi and C[ = fi*Ci. First suppose that fi is birational. Suppose 
C'i = 0. As fi contracts only one divisor and Ai and Cj are non-zero by 
assumption, it follows that A\ ^ 0. (II. 5p implies that the coefficients 
of A\ are all one, which contradicts the fact that (Xj, Aj) is kawamata 
log terminal. Therefore we may assume that Cj 7^ and we may 
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replace (Xj, Aj) by (X-, A-)- As the MMP must terminate with a Mori 
fibre space, replacing (Xj, Aj) with (Xj, A^) finitely many times, we 
may assume that /, : Xj — > Zj = X[ is a Mori fibre space and Ai 
dominates Zj. 

By Case B, Step 3 we may assume that Z{ is a point, so that Xj has 
Picard number one. 

Case B, Step 6: We finish case B and the proof. 

Possibly passing to a subsequence, fill. 61) implies that we may assume 
that the number of components of Bi and Cj is fixed. As the only 
accumulation point of D(I) is one and the coefficients of Bi are bounded 
away from one, possibly passing to a subsequence we may assume that 
the coefficients of Bi are fixed and that the coefficients of Ci have the 
form 

r — 1 f kci 
+ - + — , 

ry ry ry 

where k, r and / depend on the component but not on i. 

Given t G [0, 1], let Ci(t) be the divisor with the same components 
as Ci but now with coefficients 

r - 1 / kt 
+ - + -, 

ry ty ry 

so that Ci = Cj(cj). 

Let Ti be the sum of the components of Ai, so that Tj has the same 
components as Ai but now every component has coefficient one. Then 
Ai < Ti and Cj(c) < Cj. Note that (Xj, Ai + Bi + Cj(c)) is kawamata 
log terminal as (Xj, Ai + Bi + Cj) is kawamata log terminal. As the 
coefficients of Ai + Bi + Cj(c) belong to a set which satisfies the DCC, 
possibly passing to a tail of the sequence, (11.41) implies that (X i; Tj + 
Bi + Cj(c)) is log canonical. 

Suppose that (Xj, Tj + Bi + Cj) is not log canonical. Let 

di = sup{ t G [c, q) | (Xj, Tj + Bi + Ciit)) is log canonical }, 

be the log canonical threshold. Then di G LCT n (D(I)) = N n _i(I) and 
c = lim di and so we are done by induction on the dimension. 

Thus we may assume that (Xj, Tj + Bi + Cj) is log canonical. Let 

ti = sup{ t G M | + Tj + Bi + Ciit)) is pseudo-effective }, 

be the pseudo-effective threshold. Suppose that ej < c. Let 

fi = sup{ t G M | K Xi + tTi + Bi + Cj(c)) is pseudo-effective }, 

be the pseudo-effective threshold. As < c, fi < 1 and lim/j = 1, so 
that the coefficients of /jTj + Bi + Cj(c) belong to a set which satisfies 
the DCC, which contradicts (11.51) . Thus ej > c. On the other hand 
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e,j < Q as K x . + Tj + ^ + Cj is strictly bigger than K Xi + Ai + + C,, 
which is numerically trivial. Thus limej = c. Possibly passing to a 
subsequence we may assume that either > e^+i for all i or e, = c. In 
the former case we might as well replace Cj = Cj(cj) by Cj(ej). In this 
case some component of Cj intersects a component Si of Tj and we are 
done by Case B, Step 2. In the latter case we restrict to a component 
Si of Tj and apply adjunction to conclude that c = G A r n _i(J). □ 

Proof of (11. lip . By (111.50 it suffices to prove that the accumulation 
points of N n (I) belong to iV n _i(I). Suppose that ci,C2, ... G [0,1] 
is a strictly decreasing sequence of real numbers such that 91(7, q) is 
non-empty. Pick (Xj,A,) G 9T(I, q). By assumption we may write 
Aj = Bi + Cj where the coefficients of £>, belong to D(I) and the 
coefficients of Cj 7^ belong to D C .(I), and so (111.70 implies that the 
limit c belongs to iV n _i(I). □ 
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